Abstract. We prove mean curvature and volume comparison estimates on smooth metric measure spaces when their integral Bakry-Émery Ricci tensor bounds, extending Wei-Wylie's comparison results to the integral case. We also apply comparison results to get diameter estimates, eigenvalue estimates and volume growth estimates on smooth metric measure spaces with their normalized integral smallness for Bakry-Émery Ricci tensor. These give generalizations of some work of Petersen-Wei, Aubry, Petersen-Sprouse, Yau and more.
Theorem A (Petersen-Wei [18] ). Let M be an n-dimensional complete Riemannian manifold. For any p > Petersen and Wei [18, 19] used these comparison estimates to extend many classical results of pointwise Ricci tensor condition to the integral curvature condition, such as compactness theorems, Colding's volume convergence and Cheeger-Colding splitting theorems. Petersen and Sprouse [17] extended Petersen-Wei's comparison results and generalized Myers' theorem to a integral Ricci tensor bound. Aubry [1] used integral comparison estimates on star-shaped domains to improve Petersen-Sprouse's diameter estimate. He also got finite fundamental group theorem in the integral Ricci tensor sense. For more results, see for example [1, 2, 8, 9, 10, 11, 19, 23] . many classical theorems, such as Myers' theorem, Cheeger-Gromoll splitting theorem, to the Bakry-Émery Ricci tensor. They also expected volume comparisons could be extended to the case that Ric f is bounded below in the integral sense, which partly motivates the present paper.
In this paper we not only generalize comparison estimates on manifolds with integral bounds for the Ricci tensor to smooth metric measure spaces, but also extend pointwise comparison estimates on smooth metric measure spaces to the integral setting. In our situation, we consider weighted integral bounds for the Bakry-Émery Ricci tensor instead of usual integral bounds for the Ricci tensor. Our results indicate that Petersen-Wei's and Aubry's type comparison estimates remain true when certain weighted integral Bakry-Émery Ricci tensor bounds and ∇f is lower bounded (even no assumption on f ). We also prove an relative weighted (or f -)volume comparison for annular regions under the same curvature integral condition. Some applications, such as diameter estimates, eigenvalue estimates and volume growth estimates, are discussed.
Fix H ∈ R, and consider at each point x of an n-dimensional smooth metric measure space (M, g, e −f dv g ) with the smallest eigenvalue λ(x) for the tensor Ric f : T x M → T x M . We define , where ∂ r f ≥ −a for some constant a ≥ 0, along a minimal geodesic segment from x ∈ M . Here A f (t, θ) is the volume element of weighted form e −f dv g = A f (t, θ)dt ∧ dθ n−1 in polar coordinate, and dθ n−1 is the volume element on unit sphere S n−1 . Sometimes it is convenient to work with the normalized curvature quantitȳ k(p, H, a, r) := sup where m f = m − ∂ r f and m is the mean curvature of the geodesic sphere in the outer normal direction; and where m H is the mean curvature of the geodesic sphere in the model space M n H . In [22] , Wei and Wylie showed that if Ric H f − = 0 and ∂ r f ≥ −a (a ≥ 0), then ϕ = 0. We prove that, Theorem 1.1 (Mean curvature comparison estimate I). Let (M, g, e −f dv) be an n-dimensional smooth metric measure space. Assume that ∂ r f ≥ −a for some constant a ≥ 0, along a minimal geodesic segment from x ∈ M . For any p > n/2, H ∈ R (assume r ≤
and
along that minimal geodesic segment from x.
Moreover, if H > 0 and
, then we have
along that minimal geodesic segment from x. Remark 1.2. (1) When f is constant (and a = 0), inequality (1) recovers the PetersenWei's result [18] ; inequalities (2) and (4) recover the Aubry's results [1] . In particular, when |∇f | ≤ a for some constant a ≥ 0 and the diameter of M is bounded, then f is bounded, and the new weighted norm is equivalent to the usual norm.
we have ϕ ≡ 0 and hence get the Wei-Wylie's comparison result [22] .
As in the integral volume comparison for manifolds [18] , we can apply Theorem 1.1 to prove weighted volume comparisons in the integral sense. Let V f (x, R) := B(x,R) e −f dv be the weighted volume of ball B(x, R) in (M, g, e −f dv). V a H (R) denotes the h-volume of the ball B(O, R) in the weighted model space
where A H denotes the volume element in model space M n H , and A H denotes the volume of the geodesic sphere in M n H . For more detailed description about the related notations, see Section 3. Theorem 1.3 (Relative volume comparison estimate I). Let (M, g, e −f dv) be an n-dimensional smooth metric measure space. Assume that
Furthermore, when r = 0, we have an absolute volume comparison estimate:
Here, C(n, p, H, a, R) :=
(1) The theorem implies a useful volume doubling property, see Corollary 3.3 below. When f is constant (or furthermore f = 0) and a = 0, the theorem recovers the Petersen-Wei's result [18] . (4.10) in [22] We can generalize Theorem 1.3 and get an relative weighted volume comparison for two annuluses in the integral sense, which is completely new even in the manifold case. Let V f (x, r, R) be the f -volume of the annulus B(x, R)\B(x, r) ⊆ M n for r ≤ R, and V a H (r, R) be the h-volume of the annulus B(O, R)\B(O, r) ⊆ M n H,a .
Theorem 1.5 (Relative volume comparison for annulus)
. Let (M, g, e −f dv) be an n-dimensional smooth metric measure space. Assume that
for some constant a ≥ 0, along all minimal geodesic segments from x ∈ M . Let H ∈ R and p > n/2.
where C is given by
Besides, we are able to prove a general mean curvature comparison estimate, requiring no assumptions on f . Consequently, we get relative volume comparison estimates when f is bounded. See these results in Section 4.
The integral comparison estimates have many applications. We start to highlight two extensions of Petersen-Sprouse's results [17] to the weighted case that ∇f is lower bounded. One is the global diameter estimate:
for some constant a ≥ 0, along all minimal geodesic segments from any
This theorem shows that a small fluctuation of super gradient shrinking Ricci soliton (i.e. Ric f ≥ (n − 1)Hg for some constant H > 0) must be compact provided that the derivative of f has a lower bound. Examples 2.1 and 2.2 in [22] indicate that the assumption of f is necessary. Petersen and Sprouse [17] have proved the case when f is constant. For other Myers' type theorems on smooth metric measure spaces, see [22, 15, 20] .
The other is a generalization of Cheng's eigenvalue upper bounds [6] . For any point x 0 ∈ (M, g, e −f dv) and R > 0, let λ D 1 (B(x 0 , R)) denote the first eigenvalue of the f -Laplacian ∆ f with the Dirichlet condition in B(x 0 , R). Let λ D 1 (n, H, a, R) denote the first eigenvalue of the h-Laplacian ∆ h , where h(x) := −a·d(x 0 , x), with the Dirichlet condition in a metric ball B(
when H > 0. Then, we have a weighted version of Petersen-Sprouse's result [17] .
Finally we apply Theorem 1.5 to get a weighted volume growth estimate, generalizing Yau's volume growth estimate [24] and Wei-Wylie's result [22] . Theorem 1.8. Let (M, g, e −f dv) be an n-dimensional smooth metric measure space. Assume that ∂ r f ≥ 0 along all minimal geodesic segments from any x ∈ M . Given any p > n/2 and R ≥ 2, there is an ǫ = ǫ(n, p, R) such that ifk(p, 0, 0, R + 1) < ǫ (here H = 0 and a = 0), then for any point x 0 ∈ M , we have
Constant function f satisfies ∂ r f ≥ 0 and hence the theorem naturally holds for the ordinary Riemannian manifolds. From Theorem 5.3 in [22] , we know that convex function f with the unbounded set of its critical points, also satisfies ∂ r f ≥ 0. Examples 2.1 and 2.2 in [22] indicate that the hypothesis on f in the theorem is necessary.
The rest of this paper is organized as follows. In Section 2, we will prove Theorem 1.1. In Section 3, we will apply Theorem 1.1 to prove Theorem 1.3 and further get a volume doubling property when the integral Bakry-Émery Ricci tensor bounds and ∇f is lower bounded. We also prove relative volume comparison estimates for annuluses when the integral of Bakry-Émery Ricci tensor bounds. In Section 4, we will discuss a general mean curvature comparison estimates and relative volume comparison estimates for their integral bounds of Bakry-Émery Ricci tensor. In Section 5, we will give some applications of new integral comparison estimates. Precisely, we will apply Theorems 1.1 and 1.3 to prove Theorems 1.6 and 1.7. Meanwhile we will apply Theorem 1.5 to prove Theorem 1.8. In Appendix, we give mean curvature and volume comparison estimates on smooth metric measure spaces when only certain integral of m-Bakry-Émery Ricci tensor bounds.
From the work of [1, 2, 13] we expect Aubry's type diameter estimate, finiteness fundamental group theorem, first Betti number estimate and Gromov's bounds on the volume entropy in the integral sense can be generalized to smooth metric measure spaces. These will be treated in separate paper.
Mean curvature comparison estimate I
In this section, we mainly prove Theorem 1.1, a weighted mean curvature comparison estimate on smooth metric measure spaces (M, g, e −f dv) when certain integral Bakry-Émery Ricci tensor bounds and ∇f is lower bounded. The proof first modifies the Bochner formula of Bakry-Émery Ricci tensor to acquire the ODE along geodesics and then integrates the ODE inequality, similar to the arguments of Petersen and Wei [18] , and Aubry [1] .
Proof of Theorem 1.1. Recall the Bochner formula
for any function u ∈ C ∞ (M ). Letting u = r(y), where r(y) = d(y, x) is the distance function, then we have
Note that Hess r is the second fundamental from of the geodesic sphere and ∆r = m, the mean curvature of the geodesic sphere. By the Schwarz inequality, we have the Riccati inequality
.
This inequality becomes equality if and only if the radial sectional curvatures are constant. So the mean curvature of the n-dimensional model space m H satisfies
We recall that ϕ := (m f − m H − a) + . Notice that on the interval where m f ≤ m H + a, we have ϕ = 0; on the interval where m f > m H + a, we have m f − m H − a = ϕ. Moreover, by our assumption of the theorem, we know
Therefore, in any case, we have
Since a + ∂ r f ≥ 0, the above inequality implies
Multiplying this inequality by (2p
the above integral inequality can be rewritten as
Rearrange some terms of the above inequality by ϕ :
Notice that the term −aϕ 2p−1 A f of the above inequality is negative. To deal with this bad term, we multiply the inequality by the integrating factor e −ar , and get that
Since p > n/2 and the assumption r ≤ π 2 √ H , we have m H ≥ 0 and
Then we drop this term and have that
We integrate the above inequality from 0 to r. Since
which comes from the theorem assumption: a + ∂ r f ≥ 0, then
This implies
By Holder inequality, we also have
Combining (8) and (7), we immediately get (1). Then applying (1) and (8) to (6) yields (2) .
If H > 0 and
, then m H < 0 in (5) . It means that we can not throw away the third term of (5) as before. To deal with this obstacle, multiplying by the integrating factor sin 4p−n−1 ( √ Hr) in (5) and integrating from 0 to r, we get (9)
Similar to the above discussion, using the Holder inequality, we have (10)
Notice that two terms in the left hand side of (9) are both positive. Then substituting (10) into (9), we get (11)
, which implies (3). Then putting (11) and (10) to (9) immediately proves (4) by only using an easy fact: sin
Volume comparison estimate I
In Section 2, we have proved a weighted mean curvature comparison estimate when certain weighted integral of Bakry-Émery Ricci tensor bounds and ∇f has a lower bound, and one naturally hopes a corresponding volume comparison estimate under the same curvature assumptions. In this section, we will give these desired volume comparison estimates.
For an n-dimensional smooth metric measure space (M n , g, e −f dv g ), let A f (t, θ) denote the volume element of the weighted volume form e −f dv g = A f (t, θ)dt ∧ dθ n−1 in polar coordinate. That is,
where A(t, θ) is the standard volume element of the metric g. We also let
which denotes the weighted volume of the geodesic sphere S(x, r) = {y ∈ M | d(x, y) = r}, and let A H (r) be the volume of the geodesic sphere in the model space M n H . We modify M n H to the weighted model space
where (M n H , g H ) is the n-dimensional simply connected space with constant sectional curvature H, O ∈ M n H , and h(
where A H is the Riemannian volume element in M n H . We also have that
the corresponding weighted volume of the geodesic sphere in the weighted model space M n H,a is defined by
Moreover, the weighted (or f -)volume of the ball B(x, r) = {y ∈ M |d(x, y) ≤ r} is defined by
We also let V a H (r) be the h-volume of the ball B(O, r) ⊂ M n H :
Now we prove a comparison estimate for the area of geodesic spheres using the pointwise mean curvature estimate in Section 2.
for some constant a ≥ 0, along all minimal geodesic segments from x ∈ M . Let H ∈ R and p > n/2 be given, and when
, then we have (4.8) in [22] ).
Proof of Theorem 3.1. We apply
Using Holder's inequality and (2), we have
. Hence, we have
Separating of variables and integrating from r to R, we obtain
Since the integral
converges when p > n/2, the conclusion (12) then follows.
For the case H > 0 and
Then we use this function and (4) instead of (2) to get (13) by following the above similar argument.
Using (14), we can prove Theorem 1.3, similar to the argument of Petersen and Wei [18] .
we compute that
On the other hand, integrating (14) from t to r (t ≤ r) gives
This implies that
Plugging this into (15) gives
Separating of variables and integrating from r to R (r ≤ R), we immediately get
converges when p > n/2, the conclusion follows.
As the classical case, the volume comparison estimate implies the volume doubling estimate, which is often useful in various geometric inequalities. 
for all x ∈ M and 0 < r 1 < r 2 ≤ R, we have
. 
. Now we will estimate the quantity (1 − σ). We claim that σ(r) has some monotonicity in r (though it is not really monotonic). Indeed, since C(n, p, H, a, r) is increasing in r, that is,
By the definition ofk, the above inequality implies
Namely,
On the other hand, by Theorem 1.3 again, we have
wherek(R) =k(p, H, a, R) and
We also have
When R 2k (R) ≤ ǫ is small enough, which depends only on n, p, aR and |H|R, the above inequality becomes
Substituting this into (17) yields
Combining this with (16) and letting σ(R) arbitrary small (as long as R 2k (R) ≤ ǫ is small enough), the result follows.
In the rest of this section, we will study the relative volume comparison estimate for annular regions and prove Theorem 1.5 in the introduction. The proof idea seems to be easy, by using the twice procedures of proving Theorem 1.3.
Proof of Theorem 1.5. On one hand, using
Integrating (14) from t to R (t ≤ R) as before yields
Substituting this into (18),
where we used the fact:
. Separating of variables, integrating with respect to the variable R from R 1 to R 2 (R 1 ≤ R 2 ), and changing the variable r to r 2 (r 2 ≤ R 1 ), we get
On the other hand, similar to the above argument, we also have (20) d dr
By (19), we also get that
for r ≤ t. Substituting this into (20) , and letting R = R 1 , we have
Separating of variables and integrating from r 1 to r 2 (r 1 ≤ r 2 ) with respect to the variable r, we immediately get
Combining the above two aspects,
Hence the result follows.
In particular, if f is constant and a = 0, we get volume comparison estimates for the annuluses on Riemannian manifolds with integral bounds for the Ricci curvature. [25] ).
Mean curvature and volume comparison estimate II
In this section, we shall prove a very general mean curvature comparison estimate on smooth metric measure spaces (M, g, e −f dv) when only the integral Bakry-Émery Ricci tensor bounds (without any assumption on f ), which might be useful in other applications.
In this case, we consider the following error form
Using this, we have 
and 
Moreover, if H > 0 and
, then we have 
It is unlucky that our theorem doesn't recover the classical case when the Ricci tensor has pointwise lower bound and f is constant. The main reason may be that we do not nicely deal with the "bad" term in the proof (see (25) below). It is interesting to know whether one has an improved estimate, which solves this problem.
Proof of Theorem 4.1. The proof's trick is partly inspired by the work of Wei-Wylie [22] and Petersen-Wei [18] . Recall that,
When ∂ r f = 0 and Ric H f − = 0, we have ψ = 0, and get the classical mean curvature comparison. In general, notice that
Therefore,
Notice that
So, (26) can be rewritten as
Rearranging some terms by using ψ := (m f − m H ) + , we have
Multiplying this by the integrating factor sn 2 H (r)e 4p−2 n−1 f (r) , we obtain
where we used m H (r) = (n − 1)
sn H (r) . Since p > n/2 when n ≥ 3, and p > 5/4 when n = 2, then
Hence we can throw away this term from the above inequality, and get
integrating the above inequality from 0 to r yields
sin 4p−n−3 ( √ Hr) in (27) and integrating from 0 to r, we get (33)
Using Holder inequality as before we get
which is (23). Finally we substitute (23) into (33) gives (24) by using the Holder inequality as before.
In the following, we will apply mean curvature comparison estimate II to derive another weighted volume comparison estimate in the integral sense. At first, the weighted mean curvature comparison estimate II implies a tedious volume comparison estimate of geodesic spheres. 
In particular, if further assume |f | ≤ k for some constant k ≥ 0; and n 2 < p < n 2 + 1 when n ≥ 3 (when n = 2, we assume 5 4 < p < 2). For 0 < r ≤ R, we have 
Remark 4.3. We remark that P(R) converges when

Proof of Theorem 4.2. We apply
Hence,
Using Holder's inequality and (22), we have
Notice that P(R) converges when n 2 < p < n 2 + 1 if n ≥ 3 (if n = 2, we assume 5 4 < p < 2). Hence the result follows.
Similar to the first case of discussions (the case ∂ r f ≥ −a), we can apply (36) to obtain the following volume comparison estimate when f is bounded. 
Here,
Remark 4.5. We remark that P(R) converges when
Proof of Theorem 6.2. We use the formula
On the other hand, integrating (36) from t to r, and using the Holder inequality, we get
This implies that
Plugging this into (38) gives
Separating of variables and integrating from r to R,
Then the conclusion follows.
Applications of comparison estimates
In this section, we mainly apply mean curvature comparison estimate I and volume comparison estimate I to prove the global diameter estimate, eigenvalue upper estimate and the volume growth estimate when the normalized new L p -norm of Bakry-Émery Ricci tensor below (n − 1)H is small.
We first prove Theorem 1.6 in the introduction.
Proof of Theorem 1.6. Let p 1 , p 2 are two points in M , and x 0 be a middle point between p 1 and p 2 . We also let e(x) be the excess function for the points p 1 and p 2 , i.e.
By the triangle inequality, we have e(x) ≥ 0 and e(x) ≤ 2r on a ball B(x 0 , r), where r > 0. In the following, we will prove our result by contradiction. That is, if there exist two points p 1 , p 2 in M , such that d(p 1 , p 2 ) > D for any sufficient large D, then we can show that excess function e is negative on B(x 0 , r), which is a contradiction. The detail discussion is as follows.
By the mean curvature estimate (3), by using a suitably large comparison sphere (the radius is a little small than
on B(x 0 , r), where K is a large positive constant to be determined, and ψ 1 is an error term controlled by C 1 (n, p, a, H, r) ·k(p, H, a, r).
Following the nice construction of Lemma 1.4 in Colding's paper in [7] , let Ω j ⊆ B(x 0 , r) be a sequence of smooth star-shaped domains which converges to B(x 0 , r) − Cut(x 0 ). Also let u i be a sequence of smooth functions such that
, and then h is a negative smooth function on Ω j . So by Green's formula with respect to the weighted measure e −f dv, we have
where ν is the outward unit normal direction to Ω j . We notice that
where ψ 2 is another error term still controlled by C 2 (n, p, a, H, r)·k(p, H, a, r). Therefore, we have then
Combining this and (39) immediately yields
as j → ∞. However, the first integral of the above inequality goes to zero as j → ∞; while in the second integral of the above inequality: ν h ≥ 0 on ∂Ω j for all j, as Ω j is star-shaped. This forces that the excess function e must be negative on B(x 0 , r), which is a contradiction to the fact: e ≥ 0.
Next we apply the similar argument of Petersen-Sprouse [17] to prove Theorem 1.7 in the introduction.
Proof of Theorem 1.7. The proof is easy only by some direct computation. Recall that B(x 0 , R) is a metric ball in the weighted model space M n H,a , where R ≤ (x 0 , x) ). In the course of the proof, we will use the relative volume comparison estimate when volume normalization of some integral Bakry-Émery Ricci tensor is sufficient small. Now, a direct computation yields that 
Q.
On the other hand, ifk(p, H, a, R) is very small, then we have the following volume doubling estimate (see Corollary 3.3):
Putting this into the above error estimate, we have
By the Holder inequality, we observe that 
